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The benefit of using complex numbers is that the solution of linear time-invariant differential
equations can utilize the algebra of complex numbers instead of analytical methods for solving
differential equations. This is a feature of transforms such as the Laplace transform. Transforms can
replace the more difficult task of solving a differential equation by transforming to a "space" where
the solution is affected by algebraic techniques. A useful observation is that phasor voltages and
currents satisfy Kirchoff's laws, which are expressions of the conservation of energy and charge.

Using Euler's formula, we can represent a general sinusoid by the expression:

_ jo jwl
V(t)=V,e’" e 3)

phasor
The convention is to use the real part of equation (3) to give the sinusoidal function of time. The real
partis V,cos(wt+3§), i.e., equation (1). This is why the cosine is used for the sinusoid instead of the
sine. A cosine curve is a sine that is shifted by a right angle.

Combining the exponents, using Euler's formula, and taking the real part results in the sinusoid
function given in equation (1), the phasor is a time-independent complex constant that encodes
the amplitude and phase information of the sinusoidal voltage. As the e’ term is common to
each sinusoid, we can combine sinusoids via addition, subtraction, multiplication, and division using
phasors and/or Euler's formula.

For example, the addition of two sinusoid voltages of angular frequency w, amplitudes V;and V,,
and phases 6; and 6 is:

V(t)=(V, e’ + Vv, e =V  _el*e/!

V, v, "4

Note that the time-dependent part can be ignored as long as we remember these phasor
relationships are always associated with the implicit frequency w. Then the resulting phasor Vs the
sum of the two phasors V; and V.. This is just addition of two complex numbers, which you would
calculate by converting to rectangular components and adding the corresponding components. This
is the same as vector addition in the two-dimensional Cartesian plane, which is why phasors are
sometimes called vectors.

J axis

Real axis

R
Figure 2: Sum of two phasors
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Vit)=<

At high frequencies, the integration time T is a small number, which causes the integral to be a small
number. The voltage across the capacitor is thus small and this is the characteristic of a short.

}i(t)dt

At DC, the capacitor draws current until it is charged to the same potential as the voltage source,
then the electrostatic field on the capacitor stops any further current flow.

We can conclude:
¢ The current through a capacitor leads the voltage across the capacitor.
¢ Capacitors look like shorts at high frequencies.
¢ Capacitors look like open circuits at frequencies near zero.

The situation is different for an inductor. The voltage across the inductor is proportional to the time
rate of change of the current through the inductor:

Vit)=L % (6)
Suppose the current through an inductor is a sinusoid of angular frequency w:
i=i,e’’e’
where we have emphasized that the current is a phasor, but defined the phase to be zero. Then,

di ] Jjwt ; i% Jwl
E:IOJU‘)e =lywe “ €

j =exp(jm/2), so equation (6) becomes:
j : jT_‘ jw
V(t)=Ve''=Lijwe *e™ (7)
voltage phasor

Because of the phasor term, you can see the voltage across an inductor leads the current by 90°
and the voltage's frequency-dependent magnitude is Li,w.

The inductor's impedance from the definition of impedance as the ratio of the voltage to current is:

= TC
I3

ZLZT\_/sze ®8)

Since this is an ideal inductor with no DC resistance, the reactance (imaginary part of the
impedance) increases linearly with frequency. A pure inductor's impedance has a phase angle of
+90°.

At low frequencies, the impedance magnitude is numerically small, so the inductor behaves like a
short. As the frequency increases, the voltage across the inductor increases. If you can make the
current change rapidly enough, you can get any desired instantaneous voltage across the inductor.
This is the cause of inductive voltage spikes.

We can conclude:
¢ Voltage across an inductor leads the current through the inductor.
¢ Inductors look like shorts at low frequencies.
¢ Inductors look like open circuits at high frequencies.
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Figure 4: Capacitance model of a coaxial cable

Each small chunk of cable contributes a capacitance C,. Since parallel capacitors add their
capacitances to get the total capacitance, the capacitance of the cable is the sum of the individual
capacitances. We then have a model of the cable's capacitance, which is just a single capacitor. We
have lumped the contribution of many small components into a single component. This leads to the
concept of a lumped parameter model. The engineering simplification is that a complicated
physical system can be adequately represented by a circuit of discrete components, which in turn
can be represented by a single component. In other words, the complicated system is replaced by
something simpler that behaves in a similar fashion.

It has been shown by long experience that lumped parameter models work in a variety of situations,
as evidenced by the use of circuit theory in modeling the behavior of complicated components and
collections of components that would be impractical to model using the full machinery of
electromagnetic theory. Trying to predict the behavior of all the components of a radio using
Maxwell's equations would be a virtually impossible task. However, using judicious approximations
and lumped parameter models, an engineer is able to predict the behavior of a radio sufficiently well
for design and production needs.

In some situations, more complicated lumped parameter models may be appropriate. For example,
here is a model that includes a capacitor's ESR (R,), lead inductance, insulation resistance, and

dielectric absorption (DA):

B&K Precision LCR Meter Guide Page 13 of 49
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Here, we'll use a small transformer® to isolate the function generator's output. We also show the
oscilloscope connections we'll make:

Oscilloscope
Transformer R ch 1
o anne
. i
somerar (O v, RV,
A I o Scope ground
C A
I o Channel 2

Figure 9: Oscilloscope connections

Because of the connection topology (note point A is at measurement ground potential), the voltage
Vc measured across the capacitor will be inverted from the voltage we want to measure. This can be
corrected by inverting either channel 1 or channel 2. Once this inversion is done, both waveforms
can be displayed on the scope's screen at the same time and you can measure the phase difference

§ between the sinusoids.
Using a 100 nF nominal capacitor and a 1 kQ resistor (which had a measured DC resistance of 978

Q) with a function generator and transformer that produced an open-circuit 0.9 V peak-to-peak sine
wave at 100 Hz, the following scope traces were recorded®:

il

J M Z.@8ms| CH1F &, @68y
Figure 10: Scope trace of capacitor and resistor

The scope was set up to measure the peak-to-peak voltages and the delay between the two signals.
Channel 1 (the yellow trace) is the voltage across the 1 kQ resistor and indicates the current through
the resistor is (51.6 mV)/(978 Q) or 52.8 pA peak-to-peak (note that it is a more noisy measurement
than the voltage across the capacitor). Channel 2 is the inverted voltage across the capacitor
showing 0.904 V peak-to-peak and a delay of 2.48 ms with respect to the current. Thus, for a

5 Nearly any small transformer should work. It is suggested that you use one that does not introduce much
distortion of the sinusoid from the function generator.

6 These measurements were made with a B&K Precision 2542B-GEN oscilloscope, a convenient tool for such
tasks because it contains a built-in function generator.
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capacitor, we experimentally see that the current leads the voltage.
Since the sinusoid's period is 10 ms, the phase angle of the current with respect to the voltage is:

_[2.48 o o
5= (—10 )360 = 89.28

The voltage across the capacitor and the current through it are:

V.=0.904 Vx0°

ic=52.8 nA<x89.28°
We thus have the three needed numbers mentioned above from direct measurement. The
capacitor's impedance is the ratio of the voltage across the capacitor to the current through the
capacitor:

__ 0904 Vx0°
52.8 nA<x89.28°

The capacitor's measured impedance is 17.1 kQ<—89.3°.

=171 kQ<%—89.28°

Two B&K Precision LCR meters were used to measure the impedance of this capacitor at 100 Hz.
The results of the three measurements rounded to three significant figures are:

Method |Z], kQ | Angle,°
B&K 886 17.3 -89.5
B&K 879B 17.6 -89.5
B&K 2542B-GEN (scope) 171 -89.3

The discrepancy between the two meters is a few tenths of a percent larger than would be
suggested by their accuracy specifications. If you needed an accurate impedance measurement,
more investigation might be warranted.

A conservative estimate of the uncertainty of the impedance measured using the scope is about 9%
of the measured value for the magnitude and 0.25% for the phase’. Measurement equipment with
lower uncertainties would result in lower impedance uncertainties.

Once the impedance of the device is known, other parameters can be calculated using the formulas
given in the section, Some formulas related to impedance. As an example, we'll calculate the
parameters of the series model for this capacitor:

R, C,
—
V4

1
Z=R+
* jwC,

The oscilloscope-measured impedance was 17.1 kQ %—89.28 °. Converting to rectangular
coordinates gives 215—17.1x10° j. The real part gives us R, =215 Q. Since the frequency was 100
Hz, we can calculate:

1 1
Cs: 3 = 3
17.1x10°w  17.1x10%(2m (100))

The two LCR meters measured series capacitance values close to this number.

=93.1 nF

7 These numbers were calculated using linear uncertainty propagation, no correlation, and defining the
uncertainty to be the half-width of the DC measurement accuracy given in the scope's specifications.
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LCR Leads &

meter fixture puTt

Figure 18: LCR meter measurement model

where the dashed leads are regarded as electrically ideal and do not contribute anything to the
measurement.

The simplest measurement situation is where a component with leads is inserted into the LCR
meter's terminals and the measurement is made. Especially at the frequencies used by handheld
LCR meters, the parasitic impedances due to the leads are essentially ignorable. However, this may
not be true for other components or circuits. For example, a surface mount component might need
SMT tweezers to provide a measurement. The tweezers represent the leads and fixture, so their
impedance needs to be removed from the measurement. This removal of the effect of the lead's
impedance is the purpose of the open/short calibration.

An open calibration is where the LCR meter is told the DUT is an open circuit. The meter then
performs an impedance measurement and stores the result.

A short calibration is where a low resistance connection is made between the test leads' or fixture's
terminals and the meter is told the DUT is a short. It performs an impedance measurement and
stores the result.

These two calibration measurements are then used by the meter to compensate for the impedances
introduced by the leads and fixture.

Because this is an important concept, let's look at it in more detail. Figure 18 can be replaced by the
following equivalent circuit model:

R, L,
//
_/\/\/\I_KYYW\ ° (&
LCR 1
meter —_ Cp Rp DUT
i
¢ K

Figure 19: Model of fixture/lead parasitic impedances

The LCR meter is modeled as a two-lead measuring device. An LCR meter that used 4-wire
measurements would not be conceptually different, except for some more terms in the model. The
leads are modeled as having a resistance R, and an inductance L. As the leads are likely wires
insulated with dielectric insulating material, these leads also form a lossy capacitor that is modeled
by the capacitance C, and resistance R,.

The user makes sure the DUT is not connected to the leads/fixture and the meter is told to calibrate
itself to an open circuit. This is represented by the measurement of the two impedances in series:
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LCR Open circuit (no
meter Z, DUT connected)

/
N

Figure 20: Open-circuit impedance measurement
The meter measures the impedance seen on its input ports and stores the value. This impedance is

Z,=2+2Z,

Then the user connects a short to the test terminals. This shorts out Z, and the meter measures Z;.
The meter can then calculate Z, from Z_, = Z,—Z_. Now Z, and Z; are known. Finally, the user
measures Z,,, the impedance of the DUT combined with the lead/fixture impedance:

Y4
Zs NN\
LCR
meter Zp Zour
Y4
NN\
— ~— 7
Zm
Figure 21: Total impedance measurement
-1
1 1
Z, = +-5-| +Z,
|:ZDUT Zp
The impedance of the DUT is then calculated from:
Z — Zm_ZS
buT 1 Z,-Z,)Y,
where
Z,, = measured value of DUT, leads, and fixture
Z =R, +jwlL,
1 .
Yp = R—+j (DCP

p

There are situations with complicated leads and fixtures where this open/short calibration method is
not sufficient to remove the parasitic impedances associated with the leads and fixtures. Such
situations are beyond the scope of this document.

It might occur to you that it could be easier to just press the REL button on your LCR meter to
subtract out the contribution of the leads and the fixture. This is tempting because it is quicker than
an open/short calibration. However, note that the impedance being subtracted is Z,+Z . |Z | is
probably much larger than ]Zs| and this may not result in as good a measurement as where Z_ and
Z are determined separately. In fact, it makes an instructive experiment that you can perform with a

selection of components and see how well using the relative measurement works. You may find that
it doesn't work for low impedance measurements as well as an open/short calibration.
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Signal amplitude: The measured impedance can depend on the signal amplitude used as can the
measurement uncertainty. Thus, if your LCR meter allows control over the measuring signal's
amplitude, ensure you use the same amplitude for the two measurements.

Out of range: You may get strange or non-repeatable results if you measure a component outside
the specified range of your LCR meter.

Equivalent circuit: For components with dissipation factors that are not close to zero, the series
and parallel inductance or capacitance can differ significantly. Make sure you're comparing numbers
for the same equivalent circuit. Unfortunately, it is often unclear which measurement model was
used for a particular measurement if undocumented, making it difficult to duplicate the original
measurement conditions.

Connection type: You may have made measurements on the same device or circuit with two
different LCR meters and have been surprised by discrepancies in the measured values. One cause
of this can be that you didn't make the same connection type to the DUT, which can be especially
troublesome for low impedance measurements. Such low impedance measurement problems can
be reduced by using an LCR meter that uses 4-wire measurements. Always remember that the
leads and fixturing contribute to the measured impedance and using an open/short calibration can
help compensate for this. However, since open/short calibrations take a little time, busy people
sometimes neglect them. A discrepancy thus might be caused by the impedance of the leads or
fixture.

DC bias: Another type of discrepancy can be a measured inductance that is different than what the
inductor's manufacturer specifies. One cause of such discrepancies is that the manufacturer
specified it for operation at a certain DC current bias, but you tested it at a different bias current or
no bias current. Capacitors can also have their capacitance depend on the DC bias.

Parasitic impedances: A discrepancy can be caused by neglecting the parasitic impedances in the
measurement leads/fixture, especially when the parasitic impedances are on the order of the actual
impedance values you're trying to measure. Thus, for low capacitances and inductances, it's
important to ensure that you've corrected for the parasitic impedances. The recommended way to do
this is to perform an open/short compensation at the test conditions to be used.

Changes over time: Components have been known to change their values over time. Electrolytic
capacitors are a good example, although it may slowly happen over time or stress. High-K ceramic
capacitors can decrease their capacitance over time. Changing humidity levels may also influence
component or circuit impedances. For instance, consider a hygroscopic ionic contaminant on a PC
board that changes the leakage current between traces as a function of humidity.

History: Components and circuits can have complicated behaviors that depend on past history. For
example, consider dielectric absorption or magnetic hysteresis in a ferromagnetic core. Unless you
can ensure the part is tested in the same state as it was in for the previous measurement, you may
see a discrepancy.

Some other examples are:

* An external magnetic field larger than the coercivity of an inductor's core could magnetize the
core so that it operated at a different point on the hysteresis curve than the designer
intended, even if the proper DC bias current was applied.

* A component's value could be permanently changed by an electrostatic discharge event.

* Exposure to the ultraviolet photons in sunlight could cause slow degradation of a plastic,
leading to an electrical behavior difference.

» Excessive vibration could cause mechanical changes in a component or circuit.
* Environmental stresses can cause things to change their electrical behavior over time.
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Compensate leads
and test fixture

After setting up all your LCR meter parameters, perform an open/short
calibration. This helps ensure you get the best accuracy from the
instrument. Manufacturers usually state that the instrument will perform
to its specified accuracy only if a proper open/short calibration has been
done.

Understand required
measurement
conditions

When measuring components or circuits, make sure you understand the
measurement conditions the manufacturer or designer specifies. Failing
to use the required conditions can result in measurement discrepancies.
For example, if an inductor requires a DC bias for measurement, you
need to ensure your measurement includes the proper bias current.

Environment

Be sensitive to how the measurement environment can differ from
"standard". For example, making measurements in a cold warehouse
can produce different readings than what you make at your bench.

Calibrated and
properly functioning

Ensure the LCR meter is in calibration and functioning correctly. Double
check the calibration with your working standards.

Avoid charged
capacitors

Measuring a charged capacitor is the same as applying a DC bias to the
LCR meter's input terminals. You may damage the instrument by doing
this, especially with a capacitor that has a relatively high voltage on it.

Appropriate
measurement model

Use the series model for reactances less than about 100 Q and the
parallel model for reactances larger than 100 Q.

B&K Precision LCR Meter Guide
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LCR meters typically measure AC resistance and some will also
measure DC resistance. Because of parasitic impedances, the DC and
AC resistance values may be different.

Don't confuse AC
and DC resistance

Don't measure components with values outside the measurement limits

Respect limits of the meter.

Use the proper test Try to test the component circuit at the frequency at which it will be used.

frequency
When possible, measure impedance in polar coordinates. The
magnitude is in ohms and you can compare the measured value with
your experiences. Remember that current is inhibited by either a

Use your physical resistance or reactance, so the impedance magnitude is important. The

intuition phase angle of the impedance tells you whether you're dealing with a

capacitive or inductive reactance. The closer the absolute value of the
phase is to 90°, the more pure the reactance and its power dissipation
will be lower (i.e., low D and high Q).
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G
guard

impedance

inductance

L

open/short calibration

phasor

Q

quality factor

reactance

resistance

rotor influence check

sinusoid

susceptance

tan &

Y
V4
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Conductance

A guard is an electrical measurement technique used to reduce the effect of
common mode currents, which can add uncertainty to measurements.

Opposition to electrical current flow. Defined to be the voltage divided by the
current.

A measurement that is defined in terms of emf, electromotive force, that is
generated to oppose any change in current. The unit for measurement is in
Henry (H).

Inductance

A measurement of an open and a short used by an LCR meter to
compensate for measurement leads and fixtures. See Open/short
calibration for more details.

A complex number used to represent the amplitude and phase of a
sinusoidal quantity at a specified frequency. Phasors are useful in the
analysis of the steady state behavior of circuits because they can replace
the solution of differential equations with the algebra of complex numbers.

Quality factor

The ratio Q of a component's reactance to its resistance; convention uses
the quality factor for inductors and the dissipation factor D for capacitors.

The imaginary part of an impedance when the impedance is expressed in
rectangular coordinates.

A measurement that indicates the amount of current given a potential
difference. The standard formula to compute this measurement in electronic
circuits is R = V/I, and the unit is ohms, often indicated by the Greek symbol
omega (Q).

Measuring the inductance of an induction motor's winding(s) as a function of
rotor angle. Plots of this information can give subtle clues about the health
of the motor.

A waveform with the shape of a sine wave. It is characterized by the
equation Acos(wt+5) where A is the amplitude, w is the angular frequency,
and & is the phase.

The imaginary part of the admittance.

A number numerically equal to the dissipation factor. The angle & is the
complement of the phase angle 6 of an impedance.

Admittance, a phasor.
Impedance, a phasor.
Phase angle of impedance

Radian frequency in radians per second. Calculated from the frequency fin
Hz by 2nf.
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